Answering a question of , we prove that the minimum feedback arc set problem is NP-hard for tournaments.
. We now evaluate q i . Assume that p is defined so that
Theorem 1 Let z be any positive integer divisible by three and let k = 2 z . There exists a bipartite tournament G k , whose partite sets both have k vertices (|V (G k )| = 2k) and mfas
Proof. Let A = (a ij ) be the k × k matrix given in Lemma 2. Observe that A has k(k + 1)/2 positive entries since every column has k/2 positive entries, except the emptyset column which has k. Let the partite sets of G k be {r 1 , r 2 , . . . , r k } and {s 1 , s 2 , . . . , s k } respectively. Now add an arc from r i to s j if a ij = −1 in A, and add an arc from s j to r i if a ij = 1 in A. This clearly defines a bipartite tournament, which can be constructed in polynomial time.
Let π be a minimum feedback arc set order of G k , i.e. an enumeration of the vertices for which the number of backward arcs is mfas(G k ). Without loss of generality we may assume that the order of the s j 's in π is s 1 , s 2 , . . . , s k . Let i ∈ {1, 2, . . . , k} be arbitrary and define p such that s 1 , s 2 , . . . , s p come before r i in π and s p+1 , s p+2 , . . . , s k come after r i in π. Let m i denote the number of "1" in row i and note that the number of backward arcs adjacent to r i is the following:
Let q i = min{ p j=1 a ij : p = 1, 2, . . . , k} and note that the minimum feedback arc set of G k is at least
Theorem 2 The minimum feedback arc set for tournaments is NP-hard.
Proof. We will reduce from the minimum feedback arc set in general digraphs, so let D be any digraph of order n. We may assume that D has no cycles of length two, as deleting such a cycle decreases the minimum feedback arc set by exactly one. We may also assume that D has no loops. Let V (D) = {v 1 , v 2 , . . . , v n } and let k = 2 6 1+log2(n) . Note that k ∈ O(n 6 ) and k ≥ 64n 6 . Let the vertices in the partite sets of G k , which was defined in Theorem 1, be {r 1 , r 2 , . . . , r k } and {s 1 , s 2 , . . . , s k } respectively.
We now construct the tournament T with vertex set {w j i : i = 1, 2, . . . , n and j = 1, 2, . . . , k} and the arc set described below. Let a, b ∈ {1, 2, . . . , n} and i, j ∈ {1, 2, . . . , k} be arbitrary. An arc between the veritices w 
Roughly speaking, we blow-up every vertex of D by a transitive tournament of size k, and we fill-in the bipartite gaps resulting from non-edges of D by copies of G k .
We will now bound mfas(T ) from both above and below. Without loss of generality assume that |{v a v b : v a v b ∈ A(D), a > b}| = mfas(D). Note that Theorem 1 implies that the arcs generated by (c) above will always contribute at least ( This order implies the following bound on mfas(T ).
In order to bound mfas(T ) from below let π be an ordering of the vertices in T , such that exactly mfas(T ) arcs are backward in the ordering. Let i 1 , i 2 , . . . , i n all be integers from {1, 2, . . . , k} and note that there are at least mfas(D) arcs between vertices in {w 
Note that as k 1/3 ≥ 64 1/3 n 2 = 4n 2 we get that ( 
